Abstract. We show that contracting self-similar groups satisfy the FarrellJones conjectures as soon as their universal contracting cover is non-positively curved. This applies in particular to bounded self-similar groups.
The map φ can be applied diagonally to all entries in G d , yielding a map
; more generally, we get
which we all denote by φ. We may compose these maps,
88
and write φ n for the iterate φ n : G → G ≀ d n .
89
By projecting to the permutation part, we then have homomorphisms G → S isometries. This action need not be faithful; if it is, then G is called a faithful 94 self-similar group.
95
A self-similar group is contracting if there exists a finite subset N ⊂ G such that,
96
for all g ∈ G and all n large enough, φ n (g) ∈ N 
103
Note that F is a finitely presented group, and that the natural map N ⊂F →
104
N ⊂ G defines a homomorphism F → G. We will see in Lemma 2 that F is 105 contracting, with nucleus N . However, the self-similarity structure of F need not 106 be faithful, even if that of G was faithful. We call F the universal contracting cover 107 of G. Note also that in general the homomorphism F → G need not be onto, or 108 equivalently N need not generate G. This is, however, the case in all examples we 109 present here.
110
Here are some extreme examples; more classical ones appear in §4. and G the group of finitely-supported functions Z → A. Take d = 2, and set 
127
Let N 0 , N 1 , . . . be a sequence of finite sets, with N n ⊂ G n for all n. We say that 128 G contracts to (N n ) n≥0 if for every g ∈ G n and every m large enough, φ
130
In that case, it is possible, up to enlarging the N n 's, to assume
S dn+1 , and we always make that additional assumption. We call the sequence
. . a nucleus of G.
133
Note however that the sequence N 0 , N 1 , . . . is not unique -for example, it is 134 always possible to replace finitely many of the initial terms by 1. We say G is 135 generated by its nucleus if N n generates G n for all n.
136
Extending the previous definition, let F n be the finitely presented group
We then have induced homomorphisms F n → F n+1 ≀ d n+1 , defining a similarity 138 structure for the group F := F 0 .
139
Lemma 2. The similar group F contracts to (N n ) n≥0 .
140
We again call F the universal contracting cover of G; note that it depends on the 141 choice of (N n ) n≥0 .
142
Proof. Consider n ∈ N. For every g ∈ N 
On the other hand, considerw ∈F n a word of length ℓ ≤ 2 in the alphabet N n , and 146 denote by w and w respectively its image in G n and in F n . The entries inφ 
151
Consider now g ∈ F n , of length ℓ ≤ 2 k in the alphabet N n . Set inductively 152 n 0 = n and n i+1 = n i + m ni . By the previous paragraph, the entries of φ mn n (g)
153
have length ≤ 2 k−1 over N n+mn = N n1 , and more generally the entries of φ n k −n n 154 have length ≤ 2 0 in N n k , that is, they belong to N n k .
155
We call a similar group contracting if it has been endowed with a sequence 156 (N n ) n≥0 to which it contracts. Note that this fixes the choice of a contracting finite sets to which it contracts; namely, enumerate G n = {g n,1 , g n,2 , . Proof. In the self-similar case, set K 0 = 1 ⊳ F , and
There is an natural homomorphism π : F/K ∞ → G, which we prove to be an Farrell-Jones. Let g ∈ F be in the kernel of π; then, because F is contracting, there
174
is n ∈ N such that φ n (g) belongs to N d1···dn n ×S d1···dn ; furthermore, the permutation 175 is trivial because φ n π(g) = φ n (1) = 1, and the entries in N n are trivial because F n 176 contains relations of length 1 in N n . Therefore g ∈ K n so g ∈ K ∞ , as was to be 177
shown.
178
We then have G = lim F/K n , and because the Farrell-Jones conjectures are sta- 
Examples

187
We now give some examples of contracting, similar groups, recall some of their 188 basic properties, and show that they satisfy the Farrell-Jones conjectures.
189
We follow a slightly unorthodox path to define (self-)similar groups: we first give Let G be the faithful self-similar quotient of F .
200
This group (up to finite index) was first considered in [1] , providing a "tan-
201
gible" example of infinite, finitely generated, torsion group (the first examples of 202 groups with these properties are due to Golod [17] 
and assume that ω contains infinitely many of each of the three possible epimor-211 phisms. Define homomorphisms φ n : F → F ≀ 2 for all n ≥ 0 by 212 φ(a) = 1, 1 (1, 2), φ(x) = ω n (x), x for x ∈ {b, c, d}.
Let G ω be the faithful similar quotient of F using this similarity structure. 4.2. The Gupta-Sidki groups. The Gupta-Sidki groups are obtained as follows.
217
Choose a prime p ≥ 3, set
and define φ :
Let G be the faithful self-similar quotient of F .
220
These groups are shown in [22] to be infinite, finitely-generated torsion p-groups.
221
Since F is CAT(0), as a free product of finite groups, G satisfies the Farrell-Jones 222 conjectures by Proposition 1. 
228
It is then known (see [12] ) that G is contracting. More precisely, G is isomorphic 229 to a subgroup of a self-similar group of very special type (see [11] ). Fix an integer
Since F is CAT(0), as a free product of finite groups, G satisfies the Farrell-Jones
233
conjectures by Proposition 1.
234
Note that the faithful quotient of F is amenable; this is how [11] show that all f has finite degree d. Let P f denote the post-critical locus of f :
Assume finally that M \ P f is path-connected. Choose a basepoint * , and for
These data define a self-similar group as follows. It is again defined via a cover,
unique f -lift of γ that starts at x i , and let it end at x π(i) ∈ f −1 ( * ). Define then This applies in particular to M a complex manifold and f a holomorphic map 250 (which is then expanding for the Kobayashi metric).
251
The special case M = C and f a degree-2 polynomial has been extensively 252 studied in [10] . The cover F is a free group, so this provides more examples of groups 
256
Other examples, on higher-dimensional manifolds, have been considered by Koch 257 et al. [14, 24] . There, the universal contracting cover is the sphere braid group.
258
Conclusion
259
We have shown that if a counter-example to the Farrell-Jones conjectures exists 260 in the class of (self-)similar groups, it will not be an easy matter to establish that 261 fact. faithful self-similar quotient of the braid groups that arise in this manner.
272
Let G be a self-similar group, and let e ∈ N be given. Assume that, for every 273 g ∈ G, there exists a bound B ∈ N such that, for all n ∈ N, there are at most Bn e 274 non-trivial entries in φ n (g). Then G is said to be of polynomial activity growth of 275 degree e; see [26] , who proves that such groups do not contain free subgroups.
276
It is then known [3] that G embeds, possibly for larger d, in a specific group
These are non-contracting self-similar groups if e ≥ 1; for e ≤ 1, the faithful quotient 280 is amenable [3, 9] , while amenability of the faithful quotient is open for larger e.
281
The arguments in [26] show that the nucleus N of P (d, e), while infinite, admits 282 a partial well ordering, such that every g ∈ N has the form g ∈ Σ −1 or φ(g) = 
289
At the other extreme of contracting self-similar groups lie bireversible groups. 
